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ABSTRACT. The vertex algebra Wi-|-oo,c with central charge c may be defined as a 
module over the universal central extension of the Lie algebra of differential operators on 
the circle. For an integer n > 1, it was conjectured in the physics literature that >Vi+oo,-n 
^ I should have a minimal strong generating set consisting of + 2n elements. Using a free 
field realization of >Vi+oo,-n due to Kac-Radul, together with a deformed version of Weyl's 
first and second fundamental theorems of invariant theory for the standard representation 
O ! of GLm we prove this conjecture. A consequence is that the irreducible, highest- weight 
representations of >Vi-(-oo,-n are parametrized by a closed subvariety of C"^ 
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?3 ' 1. Introduction 



. The Lie algebra T> of regular differential operators on the circle has a universal central 

O 



oo 

o 



extension t) = T) ® Ck which was introduced by Kac-Peterson in [9]. The representation 
theory of V was first studied by Kac-Radul in [10], and the irreducible, quasi-finite highest- 
weight representations were constructed and classified. In [5] , the representation theory of 
T> was developed by Frenkel-Kac-Radul-Wang from the point of view of vertex algebras. 
For each c G C, P admits a module A4c called the vacuum module, which is a vertex algebra 
freely generated by vertex operators J^z), I > 0. The highest- weight representations of V 



X 

' are in one-to-one correspondence with the highest- weight representations of A^c- 



The unique irreducible quotient of A^c is a simple vertex algebra, and is often denoted 
by Wi-|-oo,c- These algebras have been studied extensively in the physics literature, and 
they also play an important role in the theory of integrable systems. Let tTc denote the 
projection Aic VVi+oo.c, whose kernel Ic is the maximal proper P-submodule of Aic, 
and let ^ = tXc{J^). For c ^ M.^ is irreducible, so Wi-(-oo,c — Ale, but when c is an 
integer n, M.^ is reducible, and the structure and representation theory of Wi-(-oo,n are 
nontrivial. 
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For n > 1, VVi+oo,n has a free field realization as the invariant space £{V)'^^'^ [5]. 
Here V = C", S{V) is the 6c-system, or semi- infinite exterior algebra associated to V, and 
E(y)'^^'^ is the invariant subalgebra under the natural action of GLn by vertex algebra 
automorphisms. Using this realization, the authors explicitly identified Wi+oo,n with the 
vertex algebra W(gln) of central charge n, and classified its irreducible representations. In 
particular, A4„ has a unique nontrivial singular vector (up to scalar multiples) of weight 
n + 1, which generates X„ as a vertex algebra ideal. This singular vector gives rise to a 
"decoupling relation" in >Vi+oo,n of the form 

where P is a normally-ordered polynomial in the vertex operators , . . . , and their 
derivatives. 

For n > 1, there is an analogous free field realization of Wi+oo,-n as the invariant 
subalgebra iS(y)*-''^", where S{V) is the /57-system, or semi-infinite symmetric algebra, 
associated to V = [11]. In this paper, Kac-Radul used an infinite-dimensional version 
of the theory of Howe pairs to decompose S{V) into a direct sum of modules of the form 
L®M where, L is an irreducible, finite-dimensional GL^-module, and M is an irreducible, 
highest- weight >Vi+oo,-n-niodule. In particular, this decomposition of SiV) furnishes an 
interesting discrete set of irreducible, highest-weight Wi+oo.-n-iiiodules. In [1], Adamovic 
used the realization Wi+oc-n — »5(V)'^^" together with the Friedan-Martinec-Shenker 
bosonization to exhibit Wi+oo,-n as a subalgebra of a tensor product of 2n copies of the 
Heisenberg vertex algebra, and constructed a 2n-parameter family of irreducible, highest- 
weight modules over Wi_|_oo^_„. However, in order to classify such modules, more infor- 
mation about the structure of Wi+oo,-n and I-n is needed, and these issues were not 
addressed in either of these papers. 

The first step in this direction was taken by Wang in [19] [20]. In the case n = 1, he 
showed that Wi+oo,-i is isomorphic to W(g[3) with central charge —2, and classified its 
irreducible modules. He also conjectured in [21] that I_i should be generated by a unique 
singular vector. However, for n > 1, the structure of >Vi+oo,-n is still an open problem. 
There is a singular vector in M.-n of weight (n -|- 1)^, and it was conjectured in the physics 
literature by Blumenhagen-Eholzer-Honecker-Hornfeck-Hubel in [3] , and also by Wang in 
[21], that this vector should give rise to a decoupling relation of the form 

/ = P(/...,/-i), l = r? + 2n. (1.1) 
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The main result of this paper is a proof of this conjecture, and our starting point is 
the reahzation >Vi+oo,-n — «S(F)'^^". This point of view allows us to study >Vi+oo,-n 
using classical invariant theory, an approach which was first suggested by Eholzer-Feher- 
Honecker in [4]. As a vector space, »S(F)'^^", is isomorphic to the classical invariant ring 

k>0 

where Vk and are copies of V and V* , respectively. We view S{V)'~'^^ as a deformation 
of in the sense that S{V)'-'^^ admits a filtration for which the associated graded object 
gr(S{V)'-'^^) is isomorphic to i? as a commutative ring. The generators and relations of 
R are given by Weyl's first and second fundamental theorems of invariant theory for the 
standard representation of GLn [23]. By a careful analysis of the deformation of this ring 
structure, we prove two key facts: 

• For n > 1, Ai-n has a unique nontrivial singular vector (up to scalar multiples) 
of weight {n + 1)^, which generates the maximal proper submodule T-n- This is 
analogous to the uniqueness of the singular vector of weight n + 1 in A^^j, for n > 1. 

• This singular vector is of the form — P( J*^, . . . , J^~^) for / = + 2n, and hence 
gives rise to a decoupling relation in >Vi+oo,-n of the form (1.1). Using this relation, 
it is easy to construct higher decoupling relations j'^ = Qr{j^, ■ ■ ■ for all r > I. 
It follows that >Vi+cx),-n has a minimal strong generating set {f\ < Z < + 2n}. 

It is known [5] that the Zhu algebra of A^c is isomorphic to the polynomial algebra 
C[a°, a^, 0? , . . .]. It follows from our main result that the Zhu algebra of >Vi+oo,-n is a 
quotient of the polynomial ring C[a°, . . . , a^'^'^'^'^~^\ by an ideal /-^ corresponding to 
In particular, the Zhu algebra of >Vi+oo,-n is commutative, so its irreducible representa- 
tions are one-dimensional, and are in one-to-one correspondence with the points on the 
variety F(/_„) C C"^"''^". It follows that the irreducible, admissible representations of 
>Vi+oo,-n are all highest-weight representations, and are parametrized by y(/_n) as well. 
We show that F(/_„) is a proper, closed subvariety of C"^^"*"^". In future work, we hope 
to study the geometry of this variety in more detail. 

1.1. Acknowledgment 
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2. Vertex algebras 



In this section, we define vertex algebras, which have been discussed from various 
different points of view in the Hterature [2] [6] [7] [12] [13] [15]. We will follow the formalism 
developed in [15] and partly in [13]. Let F = Vb © Vi be a super vector space over C, and 
let z^w be formal variables. By QO{y), we mean the space of all linear maps 

V ^V{{z)) := { J^w(n)^-^-Xn) e V, v{n) = forn » 0}. 
nez 

Each element a e QO{V) can be uniquely represented as a power series 

a = a{z) := oH-^"""^ e {End V)[[z, z'^]]. 
nez 

We refer to a(n) as the nth Fourier mode of a{z). Each a G QO{V) is assumed to be of 
the shape a — ao + ai where ai : Vj ^ Vi+j{{z)) for i,j G Z/2Z, and we write |aj| = i. 

On QO{V) there is a set of nonassociative bilinear operations o^, indexed by n G Z, 
which we call the nth circle products. For homogeneous a, 6 G QO{V), they are defined by 

a{w) b{w) = Res;,a{z)b{w) i\z\>\nj\{z - w)'' - {-1)^"-^^^^ ReS;,b{w)a{z) i\w\>iz\{z - w)". 

Here i\g\^\w\f{z,w) G C[[2;, 2;"-^, tu, tu"^]] denotes the power series expansion of a rational 
function / in the region \z\ > \w\. We usually omit the symbol i|a;|>|u,| and just write 
(z — w)~^ to mean the expansion in the region \z\ > \w\, and write —{w — z)~^ to mean 
the expansion in \w\ > \z\. It is easy to check that a{w) o„ b{w) above is a well-defined 
element of QO{V). 

The non-negative circle products are connected through the operator product expan- 
sion (OPE) formula. For a,b e QO(V), we have 

a{z)b{w) = J2 aH °n b{w) {z - wy-^-^ : a{z)b{w) : , (2.1) 

n>0 

which is often written as a{z)b{w) ~ X]n>o ^iw) Onb{w) {z — w)~'^~^, where ~ means equal 
modulo the term 

: a{z)b{w) : = aiz)-b{w) + (-l)l'^ll^l6(t(;)a(z)+. 
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Here a{z)- = J2n<o^(''^)^~^~^ '^(-^)+ = J2n>o^(''^)^~^~^ • Note that : a{w)b{w) : is a 
well-defined element of QO{V). It is called the Wick product of a and 6, and it coincides 
with ao_ib. The other negative circle products are related to this by 

n! a{z) o_„_i b{z) = : {d^a{z))b{z) : , 

where d denotes the formal differentiation operator For ai{z), ...,ak{z) G QO{V), the 
A;-fold iterated Wick product is defined to be 

: ai{z)a2{z) ■ • •0^(2;) : = : ai{z)b{z) : , (2.2) 

where b{z) — : a2{z) ■ ■ -akiz) : . We often omit the formal variable z when no confusion 
will arise. 

The set QO{V) is a nonassociative algebra with the operations o„ and a unit 1. 
We have 1 o„ a = 5n,-ia for all n, and a o„ 1 = (5^ _ia for n > —1. A linear subspace 
A C (50(y) containing 1 which is closed under the circle products will be called a quantum 
operator algebra (QOA). In particular A is closed under d since da = ao_2 1. Many formal 
algebraic notions are immediately clear: a homomorphism is just a linear map that sends 1 
to 1 and preserves all circle products; a module over ^ is a vector space M equipped with 
a homomorphism A — )■ QO{M), etc. A subset 5" = {ai\ i G /} of ^ is said to generate A if 
any element a E A can be written as a linear combination of nonassociative words in the 
letters a^, o^, for ^ G / and n G Z. We say that S strongly generates A if any a E A can be 
written as a linear combination of words in the letters a^, for n < 0. Equivalently, A is 
spanned by the collection {: d^'^ai^{z) ■ ■ ■ d^"'ai^{z) : . . . , G /, /ci, . . . , /cm > 0}. 

We say that a,b E QO{V) quantum commute if (z — w)^[a{z),b{w)] — for some 
N > 0. Here [, ] denotes the super bracket. This condition implies that a o„ 6 = for 
n > N, so (2.1) becomes a finite sum. If N can be chosen to be 0, we say that a,b 
commute. A commutative quantum operator algebra (CQOA) is a QOA whose elements 
pairwise quantum commute. Finally, the notion of a CQOA is equivalent to the notion 
of a vertex algebra. Every CQOA A is itself a faithful ^-module, called the left regular 
module. Define 

p:A^QO{A), a^a, a(C)6 = J](a 6) C"^-^ 

nez 

Then p is an injective QOA homomorphism, and the quadruple of structures {A,p,l,d) 
is a vertex algebra in the sense of [7]. Conversely, if {V,Y, 1, D) is a vertex algebra, the 
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collection Y{V) C QO{V) is a CQOA. We will refer to a CQOA simply as a vertex algebra 
throughout the rest of this paper. 



The following are useful identities which measure the nonassociativity and noncommu- 
tativity of the Wick product, and the failure of the positive circle products to be derivations 
of the Wick product. Let a, 6, c be vertex operators in some vertex algebra A, and let n > 0. 
Then 

: (: ab :)c : - : abc := V (: {d'^+^a){b o, c) : +(-1)1-11^1 : {d'^+^b){a o, c) :) 

(2.3) 

: ab : :ba:=J2 7rZW^'^'(« °k b), (2.4) 

fc>o ^'^^^)- 

a o„ (: be :)- : (a b)c : -(-l)l«ll''l : 6(a o„ c) := [ ^ ] (a o„_fc 6) o,_i c. (2.5) 

fe=i ^ ^ 



3. Category 7?. 

In [16] we considered a certain category TZ of vertex algebras, together with a functor 
from TZ to the category of supercommutative rings. This functor provides a bridge between 
vertex algebras and commutative algebra, and it allows us to study vertex algebras A & TZ 
by using the tools of commutative algebra. 



Definition 3.1. Let TZ be the category of vertex algebras A equipped with a Z>Q-filtration 

^(0) c ^(1) c ^(2) c • • • , A=\jA^k) (3.1) 

fc>0 

such that A(o) = C, and for all a e A(^k)} b G A(i), we have 

aOnbeA(k+i), forn<0, (3.2) 

a On be A(k+i-i), for n>0. (3.3) 
6 



Elements a{z) e A(^d) \ ^(d-i) ^'^^ *<^^^ have degree d, and morphisms in TZ are vertex 
algebra homomorphisms which preserve the filtration. 

Filtrations on vertex algebras satisfying (3.2)- (3.3) were introduced in [14] and are 
known as good increasing filtrations. If A possesses such a filtration, the associated graded 
object gr{A) = ^ i^^q A(^k) / •^{k-i) is a Z>o-graded associative, supercommutative algebra 
with a unit 1 under a product induced by the Wick product on A. In general, there is no 
natural linear map A gr{A), but for each r > 1 we have the projection 

0r : A^r) ^(r)M(r-l) ^ gr{A). (3.4) 

Moreover, gr{A) has a derivation d of degree zero (induced by the operator d — -j^ on A), 
and for each a G v4(d) and n > 0, the operator ao„ on A induces a derivation of degree 
d — k on gr{A), which we also denote by ao^. Here 

k = SUp{j > 1| A(r) °n -^(s) C A(r+a-j) Vr, S,n> 0}, 

as in [16]. Finally, these derivations give gr{A) the structure of a vertex Poisson algebra. 

The assignment A ^ gr{A) is a functor from TZ to the category of Z>o-graded su- 
percommutative rings with a differential d of degree 0, which we will call 5-rings. A 
d-iing is the same thing as an abelian vertex algebra, that is, a vertex algebra V in which 
[a{z),b{w)] = for all a, 6 e V [2]. A 5-ring A is said to be generated by a subset {ai\ i e 1} 
if {d''ai\ i e I,k >0} generates ^ as a graded ring. The key feature of TZ is the following 
reconstruction property [16]: 

Lemma 3.2. Let A be a vertex algebra in TZ and let {a^l i E 1} be a set of generators 
for gr{A) as a d-ring, where ai is homogeneous of degree di. If ai{z) € ^(di) 0,1^^ vertex 
operators such that (l)di{ai{z)) = a^, then A is strongly generated as a vertex algebra by 
{ai{z)\ i e /}. 

There is a similar reconstruction property for kernels of surjective morphisms in TZ. 
Let f : A ^ B he a morphism in TZ with kernel J, such that / maps A(^k) onto B(^k) for 
all A; > 0. The kernel J of the induced map gr{f) : gr{A) — > gr{B) is a homogeneous 
5-ideal (i.e., dJ C J). A set {ai\ i e 1} such that is homogeneous of degree di is said to 
generate J as a 5-ideal if {d''ai\ i e I, A; > 0} generates J as an ideal. 
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Lemma 3.3. Let {ai\i & 1} be a generating set for J as a d-ideal, where ai is homogeneous 
of degree di. Then there exist vertex operators ai{z) e ^{di) '^i^h (f)di{ai{z)) = ai, such 
that {ai{z)\ z e /} generates J as a vertex algebra ideal. 

Proof: First, let a[{z) G ^(d,) be an arbitrary vertex operator satisfying (f)dSO''i{z)) = a^. 
Clearly a[{z) need not lie in but f{a[{z)) lies in B(^di-i)- Since / maps A[di-i) onto 
there exists Ci{z) G A{di-i) such that f{ci{z)) = -/(a-(2;)). Letting ai{z) = 
a\{z) + Ci{z), it follows that ai{z) G J" and (f)di{ai{z)) = ai. 

Now given uj{z) G JT" of degree k, we can write (/>a;(w) = Sie/ X]j>o /ij^"''^*' where 
all but finitely many fij are zero, and each fij is homogeneous of degree k — di. Choose 
vertex operators fij{z) such that (pk-diifiji^)) — fij, and let 

Since each ai{z) G J, u"{z) = uj{z) — iij'{z) also lies in J. Clearly (f)k{oj'{z) — oj{z)) = 0, 
so uj"{z) E J f] A(k-i)- The claim follows by induction on k. □ 



4. The algebra Wi+occ 

Let T> be the Lie algebra of regular differential operators on C \ {0}, with coordinate 
t. A standard basis for T> is 

4 = -ti+''{dt)\ keZ, ZgZ>o, 

where dt = V has a 2-cocycle given by 

^[f{t){d,r,g{t){d,r^ - r!r+ ^^, R^'t=of^''^'\t)g^'^\t)dt, (4.1) 

and a corresponding central extension V = I>©Ck, which was first studied by Kac- Peterson 
in [9]. T> has a Z-grading T> = 0jgz weight, given by 

wt{Jl) = k, wt{K) = 0, 
8 



and a triangular decomposition 



where 'D± = 0j-^_j_i^ Vj and Vq = T^o (B Ck. For a fixed c e C and X e T>q, define the 
Verma module with central charge c over V by 

Mc{V,X)^U{V) ®ui-Doev+) C'a, 

where Ca is the one-dimensional Vq © I?_|_-module on which k acts by multiplication by 
c and h E Vq acts by multiplication by A(/i), and 1?+ acts by zero. There is a unique 
irreducible quotient of A4c{1^, X) denoted by Vc{'D, A). 

Let V be the parabolic subalgebra of V consisting of differential operators which 
extend to all of C, which has a basis { / > 0, I + k > 0}. The cocycle \1/ vanishes on V, 
so V may be regarded as a subalgebra of V. Clearly Vq © C V, where V — V ® Ck. 
The induced P-module 

Mc = Mc{V, V) = U{V) ®u^v) Co 

is then a quotient of M.^i'^'i 0), and is known as the vacuum V-module of central charge c. 
M.C has the structure of a vertex algebra which is generated by fields 

k€Z 

of weight / + 1. The modes J[ represent V on A^c, and in order to be consistent with our 
earlier notation, we rewrite these fields in the form 



kez 



where J^iU) = Jl_i- In fact, Mc is freely generated by {J\z)\ I > 0}; the set of iterated 
Wick products 

■.d'^f^{z)---d'^f^{z):, (4.2) 
such that h < ■ ■ ■ <lr and ia < it if la = hi forms a basis for M.c- Define a filtration 

{Mc)io) c {Mc)ii) c ••• 
9 



on Mc as follows: (Xc)(o) = C, and for k > 1, {Mc){2k-i) = {0}, and (Xc)(2fc) is 
the span of monomials of the form (4.2), for r < k. In particular, each j' has degree 2. 
Equipped with this filtration, M.c lies in the category TZ, and gr{M.c) is the polynomial 
algebra C[d''j''\ k,l > 0]. Moreover, the vertex Poisson algebra structure on M.c is the 
same for all c. In particular, each operator j'o/, for A;, Z > is a derivation of degree zero 
on gr{M.c), and this action of V on gr{M.c) is independent of c. 

Lemma 4.1. For each c e C, A4c is generated as a vertex algebra by J°, J^, and . 

Proof: Let J be the vertex subalgebra of M.c generated by J^, and J^. An OPE 
calculation shows that for / > 1, 

j2 oi j'-i = -(/ + l)f + 2df-^, oo f = -df. 

It follows that a oi = —{I + 1)J\ where a = — 2dJ^. Since a e J", it follows by 
induction that & J for allZ. □ 

In particular, A^c is a finitely generated vertex algebra. However, Alg is not strongly 
generated by any finite set of vertex operators. This follows from the fact that gr{M.(^ = 
C[d^J^\ A;, Z > 0], which implies that there are no normally ordered polynomial relations 
among the vertex operators J', / > 0, and their derivatives. 

An element u e Ale is called a singular vector if j'' Of. uj = for all A; > I > 0. 
The maximal proper P-submodule Xc is the vertex algebra ideal generated by all singular 
vectors u) ^ 1, and the unique irreducible quotient A4c/^c is often denoted by Wi+oo,c in 
the literature. We denote the projection Mc — > Wi+oo,c by tTc, and we use the notation 

f=TTeif), l>0 (4.3) 

in order to distinguish between e Mc and its image in Wi+oo,c Clearly Wi+oo,c is gen- 
erated by j^ij^ip as a vertex algebra, but there may now be normally ordered polynomial 
relations among {d^j^\ k,l > 0}. 

For c ^ Z, Mc is irreducible, so Wi+oo,c = -^o but for n e Z, Mn is reducible. 
For n > 1, yVi+oo,n is known to be isomorphic to VV(0ln) with central charge n [5]. An 



10 



important ingredient in the proof is a realization of Wi+oo,n ^is a subalgebra of the bc- 
system S{V), for V = C^. This vertex algebra was introduced in [8], and is the unique 
vertex algebra with odd generators b^{z), c^' (z) for x eV and x' eV*, satisfying the OPE 
relations 

6^(^)c^'(t(;) ~ {x',x){z-w)-\ c^'(z)6^H ~ {x' ,x){z - w)-\ 

b''{z)by{w) ^0, c^'(^)c^'H - 0, (4.4) 
where (, ) denotes the natural pairing between V* and V. The map 

n 

>Vi+oo,n ^ SiV), j\z) ^ Yl ■ c"H^)5'&"^(^) : (4.5) 

identifies Wi+oc,n with the invariant subalgebra S{V)'^^^ [11]. Here {xi, . . . , x^} is a basis 
for V and {x'l, . . . ,x'^} is the dual basis for V*. There is a singular vector in Ai^ of weight 
n + 1, which gives rise to a decoupling relation of the form 

r = p(/,...,r-i), 

where P is a normally ordered polynomial in the vertex operators . . . and their 

derivatives. In particular, Wi+oo.n is strongly generated by < Z < n}. 

For n = —1, Wi+oo,-! is isomorphic to W(0t3) with central charge —2, which was 
shown using the Priedan-Martinec-Shenker bosonization [19] [20]. In particular, VFi_|_oo,-i 
is a tensor product of a Heisenberg algebra H and the simple Zamolodchikov W3 algebra 
with c = —2. However, for n > 1, the structure of >Vi+oo,-n is not well understood. There 
is a singular vector in M.-n of weight (n + 1)^, and it was conjectured in [3] and [21] that 
this singular vector gives rise to a decoupling relation 

f = P{f,...,f-') (4.6) 

for I = v? -\- 2n. From such a relation, one can easily construct higher decoupling relations 
= Qrij^i ■ ■ ■ for all r > Z, so this would imply that >Vi+oo,-n is strongly generated 

by y-^ 

For n > 1, Wi+oo,-n has an analogous realization as a subalgebra of the ^7-system 
S{V) for V = C". The ^7-system, or algebra of chiral differential operators on V, was 
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introduced in [8]. It is the unique even vertex algebra with generators f3^{z), (z) for 
X eV, x' eV*, which satisfy the OPE relations 

^*(z)7^'(t(;) ~ {x',x){z - w)~^, {z)f3'^{w) ~ -{x',x){z - w)~^, 

P''{z)py{w) ^0, 7^'(^)72''(w) -0. (4.7) 
We give S{V) the conformal structure 

n 

L(^) = J]:r^(^)a7^^(^):, (4.8) 

under which (3^^ (z) and 7^* (z) are primary of conformal weights 1 and 0, respectively. 
Moreover, S{V) has a basis consisting of the normally ordered monomials 

: a^i^^i • • • ^^"9-^1 7^1 • • • a-^"7< : , (4.9) 

In this notation, Ik = (zi,...,z^^) and Jfc = (ji , • • • , Jsj.) are lists of integers satisfying 
< < • • • < and < < • • • < and 

S{V) then has a Z>o-grading 

5(V)^05(V)(d), (4.10) 

where S{V)^'^^ is spanned by monomials of the form (4.9) of total degree d = Yl]^=i fk + Sk- 
Finally, we define the filtration S{V)^d) = ®t=o S{V)^'^- This filtration satisfies (3.1)-(3.3), 
and we have 

gr{S{V)) - Sym{^{Vk ® V^*)), = ^ e F}, = {7^^'] x' e V*}. 

fc>0 

In this notation, (3^ and 7^ are the images of d^fi^{z) and d^"^^ {z) in gr{S{V)) under the 
projection : S{V)(^i^ S{V)(^i^/S{V)(^oy The embedding >Vi+oo,-n — >■ «5(V^) introduced 
in [11] is defined by 

n 

/(^)^^:^--(^)a^^-.(^): . (4.11) 

i=l 

This map preserves conformal weight, and is a morphism in the category TZ. For the rest 
of this paper, we will identify Wi+oo,-n with its image in S{V). 
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The standard representation of GL^ onV = C" induces an action of GLn on SiV) 
by vertex algebra automorphisms. In fact, GLn is the full automorphism group of SiV) 
preserving the conformal structure (4.8). As shown in [11], >Vi+oo,-n is precisely the 
invariant subalgebra Siy)^^'^. The action of GL^ on SiV) preserves the grading (4.10), 
so that Wi+oo,-n is a graded subalgebra of SiV). We write 

>Vi+oo,-n = 0(Wi+oo,-n)^''\ ( Wi+oo,-n) ^''^ = Wl+oo,-n H 5(V^) ('^^ , (4.12) 

d>0 

and define the corresponding filtration by (Wi+oo,-n)(d) = I]iLo(^i+oo,-n)^''*- 

The identification >Vi+oo,-n = 5(V^)^^" suggests an alternative strong generating set 
for Wi+oo.-n- Define 

n 
i=l 

For each m > 0, let A^^ denote the vector space of dimension m + 1 with basis {oJa,b\ a + b = 
m}. Note that duja,b = (^a+i,b + 0Ja,b+i, so d{Am) C Am+i- Moreover, Am/d{Am-i) is 
one-dimensional, and = u)rn,o ^ d{A^_i), so we have a decomposition 

Am^dAm-i®{r), (4-14) 

where (j"^) is the linear span of j"^. Finally, {d"-j^\ a + b = m} is another basis for Am-, 
so each u!a,b £ Am can be expressed uniquely in the form 

m 
1=0 

for constants co,...,Cm- Hence {uja,b\ o-jb > 0} is another strong generating set for 
oo,—n ^-S a vertex algebra. The formula (4.15) holds in Wi+oo,— n foi" f^i and 
allows us to define a new generating set 

m 

{^a,b\ a,b>0}, na,b = Y,''id'J^-' 

i=0 

for M.-n as well. In fact, this new generating set makes sense in M.c for any c e C, and 
we have gr{M.c) = C[f2a^fe| a,b > 0]. We will use the same notation A^ to denote the 
linear span of {fio.bl a + b = m}, when no confusion will arise. 
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As shown in [11], the generating set (4.13) has a natural interpretation in terms of 
Weyl's description of the ring of polynomial invariants for the standard representation of 
GLn [23]. 



Theorem 4.2. (Weyl) For k >0, let Vk be the copy of the standard GLn-module C"" with 
basis Xi^k for i = 1, . . . , n, and let V^* be the copy of V* with basis x'- 1^, i = 1, . . . ,n. The 
invariant ring ('S'l/m 0^>q(Va; ® V"^*))*^^" is generated by the quadratics 



(la,b — ^ ] ^i,aXi,bJ 



(4.16) 



i=l 



which correspond to the GL^-invariant pairings Va ^ Q for a,b > 0. The kernel /„ 
of the homomorphism 



C[Qa,b]^iSym^{Vk®Vk*)) 



GLr. 



Qa,b ^ Qa,b, 



k>0 



is generated by the (n + 1) x (n+1) determinants 

QioJo ' ' ' QioJn. 

di,j = : : 

n i3ti . 

Here I — (io, • • • , in) and J — {jo, ■ ■ ■ ,jn) are lists of integers satisfying 



(4.17) 



(4.18) 



<io < ■ ■ ■ < in, 



< jo < • • • < jn- 



(4.19) 



Since the action of GL^ on S{V) preserves the filtration, we have gr{S{V)'^^'^) = 
{gr{S{V))'^^^ = ('5ym0fc>o(Vfe ® Vfc*))^^", and under the projection 

h ■■ S{V)^2) ^ 5(V)(2)/5(V)(i) C gr{S{V)), 
uja,b corresponds to qa,b- 

Recall that the projection tt-u : A^_n — >■ Wi+oo,-n sending Qa,b ^ ^a,b is a morphism 
in the category TZ. Under the identifications 

gr{M-n) = C[Qa,b\ a,b> 0], gr{Wi+oo,-n) = Sym{^{Vk ® Vk*)f''- ^ C[Qa,b]/In, 
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gr{TT-n) is just the quotient map (4.17). Clearly 7r_„ maps each filtered piece {M.-n){k) 
onto (>Vi+oo,-n)(fc)) so the hypotheses of Lemma 3.3 are satisfied. Since = 
Ker{gr{TT-n)) is generated by the determinants ci/^j, we can apply Lemma 3.3 to find 
vertex operators Di^j e {M-n){2n+2) satisfying 0(2n+2) (-D/,j) = ci/,j, such that {-D/.j} 
generates T^n- Since fla,b has weight a + b+1, it follows that 

n n 

wt{Di,j)^\I\ + \J\+n + l, \I\^J2^a, I^Hj^ia- (4.20) 

0=0 0=0 

In general, the vertex operators ai{z) furnished by Lemma 3.3 satisfying 0d-(ai(2)) = 
which generate I are not unique. However, in our case, Dj j is uniquely determined by 
the conditions 

hn+2iDi,j) = di,j, 7r-niDi,j) = 0. (4.21) 

To see this, suppose that D'j j is another vertex operator satisfying (4.21). Then -D/,j — 
Dj J lies in (A^-n)(2n) nX_Ti, and since there are no relations in Wi+oo,-n of degree less 
than 2n + 2, we have Dj j — Dj j — 0- 

For each n > 1, define 

Un = {M-n)i2n+2) CM-n, (4.22) 

which is just the vector space with basis {D/^j}, where /, J satisfy (4.19). 



Lemma 4.3. For alln > 1, Un is a module over the parabolic Lie algebra V dV generated 
by {J\k) = J' I /c,Z > 0}. 

Proof: The action of V preserves the filtration degree, and in particular preserves 
{M.-n)2n+2- Also, V preserves since is a vertex algebra ideal. □ 

It will be convenient to work in the basis {^a,b °a+b-w | ^ > 0, a + 6 — > 0} for 
V. Note that Q,a,b°a+b-w is homogeneous of weight w. The action of V by derivations of 
degree zero on gr{M.-n) coming from the vertex Poisson algebra structure is independent 
of n, and is specified by the action of V on the generators fi/,m- We compute 

^o,6 '~'a+b—w ^l,m — ^ajbjWjli^l+Wjm) fJ'a,b,w,m(S^l,m+w) j 
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where 

_j(-^r'T!^. / + --a>0 _r(-ir(£S)T m + w-b>0 

^a,b,w,l — ^ ) f^a,b,w,m — 

l + w-a<0 ^ m + w -b <0 

(4.23) 

The action of V on Un is by "weighted derivation" in the foUowing sense. Fix / = 
(io, • • • , in) cind J = {jo, . . . ,jn), and let Dj j e Un be the corresponding element. Given 
P = ^a,b°a+b-w e V, we have 

n n 

= ^ A,D/.,j + ^ (4.24) 

for lists F = {io,.. . ,ir-l,ir + W,ir+l, ...,in) and J"" = {jo, . . . ,jr-i,jr + W,jr+l, . ..,jn), 

and constants A^, jir- li ir + w appears elsewhere on the list I^, Xr = 0, and if jr + w 
appears elsewhere on the list J'^ , jir = 0. Otherwise, 

Ar — '^X.a^b,w,iri l^r — '^l^a,b,'w,jri (4.25) 

where the signs ± are the signs of the permutations transforming and into lists in 
increasing order, as in (4.19). 

For each n > 1, there is a distinguished element Dq E Un, defined by 

Do = Di,j, /=(0,l,...,n), J=(0,l,...,n). (4.26) 

In this case, |/| = | J| = lill^hil^ so Do is the unique element of of minimal weight 
{n + 1)^, and hence is a singular vector in A4-n- 



Theorem 4.4. The element Dq generates the ideal I-n- It follows that Do is the unique 
nontrivial singular vector in M.-n, up to scalar multiples. 

Proof: Since X_n is generated by Un as a vertex algebra ideal, it suffices to show that Un 
is generated by Dq as a module over V. Let Un[k] denote the subspace of Un of weight k. 
Note that Un[k] is trivial for < (n + 1)^ and is spanned by for A; = (n + 1)^. 

For k > {n+ 1)^, we define a property Pn,k of the subspace Un[k] as follows: 
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• For every Dj j e Un[k], if / 7^ (0, . . . ,n), there exists an integer s > and elements 

Dji^j,...,Dis^j e Un[k-1], 

with — (ig, . . . , i^) satisfying < io—iQ < 1, and there exist elements pi, . . . ,p8 G V 
satisfying 

s 

= (4.27) 

r=l 

• Each appearing in (4.27) is a linear combination of elements of the form Vla,b°a+b-i, 
where a>io, and b can be arbitrarily large. In other words, for each integer t > 0, we 
can assume that pi, . . . ,Ps are linear combinations of elements Qa,b°a+b-i with b > t. 

• Similarly, if / = (0, . . . , n) and J = (jo, . . . ,jn) 7^ (0, . . . , n), there exists an integer 
s > and elements Dj ji, . . . , Dj^ja e Un[k — 1], with J'^ = (jq, . . . , j^), satisfying 
< jo — Jq < 1, and elements Pi, ■ ■ ■ iPs ^ V satisfying 

s 

Y,Pr{Di,jr) = Dj,j. (4.28) 

r=l 

Moreover, each in (4.28) is a linear combination of elements of the form rLa^b°a+b-ii 
where b > jo, and a can be arbitrarily large. 

In order to prove that Un is generated by Do as a T'-module, it suffices to prove that 
property Pn^k holds for all n > 1 and all A; > (n + 1)^. We proceed by induction on n and 
k. First we show that Pn,k holds for arbitrary n, and k = (n + 1)^ + 1. Second, we fix 
n = 1 and show that property Pi^k holds for all A; > 4 by induction on k. Third, we assume 
inductively that property Pm,k holds for each pair (m, k) with m < n and k > (m + 1)^, 
and show that Pn,k must then hold for k > {n+ 1)^. 

Step 1: Fix n > 1 and let k = (n + 1)^ + 1. Then Un[k] is spanned by two 
elements corresponding to {I, J} = {(0, 1), (0, . . . , n)} and {I, J} = 

{(0,...,n),(0,...,n-l,n+l)}. 

Case 1: {I, J} = {(0, ...,n - l,n + 1), (0, . . . , n)}. Let /' = (0,...,n), so that 
Di'^j = -Do- For any 6 > n + 1, let 
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It follows from (4.23), (4.24), and (4.25) that p{Dr^j) = Di^j. 



1 

' 'ii,b °ii+6-l 



Case 2: I = (0, . . . , n) and J = (0, . . . , n—1, n+1). Let J' = (0, . . . , n), so -D/,j' = Dq, 
and let 

(a + nj! 

As above, p{Di^ji) — Dj^j. Hence property Pn,k holds for /c = (n + 1)^ + 1. 

Step 2: By Step 1, Pi, 5 holds, so assume inductively that Pi,k-i holds. Let -D/,j G 
Ui[k]. 

Case 1: I = (io, ii) 7^ (0, 1) and ii — io > 1. For any b > ji + 1, let /' = {io, ii — 1) 
and let 

(0 + zi - 1)! 

By (4.23), (4.24), and (4.25), we have p{Drj) = Dj^j. 

Case 2: I = (^o, ^1) 7^ (0, 1) and h—io = 1. Then zq > 0, so we can take /' = {io~^j U)- 
Let Dii j be the corresponding element of Ui[k — 1]. Also, let /" = (zq — 1, zi + 1) and let 
Di",j be the corresponding element of Ui[k]. For any 6 > ji + 1, let pi = rio,6°6-i and 
P2 = ^i,6(-s)o6- We have 

Pi[Vrj) - (-1) — + (-1) ^. i>'7",j, 

Zq! [li + ij! 

P2(i?/v) - (-1) ^ + (-1) -j-^Dj.,j. 

Since the vectors (-^^-^^r^, If^rpijl) and (^^t^zTjp, -^^77^!^) in are linearly independent, 
we can find a suitable linear combination p — cipi + C2P2 such that p{Di'^j) = Di^j. 

Case 3: I = (0, 1), J — (jo,ii) 7^ (0, 1), and ji — jo > 1. The argument is similar to 
Case 1 with the roles of / and J reversed. 

Case 4- I = (0, 1), J = (joiji) 7^ (0, 1), and ji — jo = 1. This is similar to Case 2 
with the roles of / and J reversed. 

Step 3: Assume that property Pm,k holds for each pair (m, k) with m < n and 
k > (m+ 1)^. We know from Step 1 that -Pn,(n+i)2+i holds, so we may assume inductively 
that Pn,k-i holds. Let Djj e Un[k], and assume first that I ^ (0, . . . ,n). 
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Case 1: I ^ (0, . . . , n), and zq ^ 0. Let I' = (ig — . . . , in), and let Dp j be the 
corresponding element of Un[k — 1]. For 6 > + 1, let 

By (4.23), (4.24), and (4.25), we have piDr,j) = Di,j + Er=i Ari^7^J, where F = 
(io — . . . , ir-i,ir + 1, ir+1, • • • ) *n)- For each r = 1, . . . , n, let 

K = (zi, . . . , ir—lj ir ~l~ 1) • • • , ^n)) 

which is the list of length n obtained from by removing the first entry io — 1. Similarly, 
let J' = {ji, . . . ,jn), and let Dl^^j' be the corresponding element of Un-i- By inductive 
assumption, for each r = 1, . . . ,n there exist an integer > and a collection of lists 
L^'-^, . . . , L'"'*'^ of length n, together with elements p^,!) • • • ■iPr,Sr ^ such that 

y^Pr,f(-PL'-.*,jO = DKr-,J'. 

t=l 

Moreover, we may assume that each of the lists L^'* has the property that the first term 
Zp* satisfies < il — li'* < 1. Furthermore, we may assume that each pr^t is a linear 
combination of elements of the form Qa,b°a+b-i with a>ii and b > jn + 1. 

Let M^'* be the list of length n + 1 given by {io — 1, . . . , 1^^), and let Dm^'^^,j be 
the corresponding element of Since a — (zq — 1) > 2, the operators {,o£j_|_^_i do not 
affect the first index io — 1 of M^'*, so J2t=iPr,t{DM^-*,j) — Djr j. Hence 

n Sr 

P{Dr,j) - ^Yl ^rPr,t{DMr;t,j) = Dij. 

r=l t=l 

Case 2: I ^ (0, . . . , n), and io = 0. Let r be the minimal integer for which v > i^- 
By assumption, we have 1 < r < n. Hence / = (0, . . . ,r — l,ir, ■ ■ ■ , in)- Since ir — V-i = 
ir — {r — 1) > 2, it follows that operators of the form Q,r+i,b°r+b only act on the last n — r 
terms of /. 

Let /' = (v, . . . , z„) and J' = {jr . . . , jn) be the lists of length n — r+1 obtained from / 
and J, respectively, by deleting the first r terms, and let Dj'^jr e Un-r be the corresponding 
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element. By inductive assumption there exist elements Dji ji, . . . , Djs ji e Un-r and 
elements pi, ■ ■ ■ iPs ^ V such that 

s 

Y,Pt{Di^,j') = Dr,j'. (4.29) 
t=i 

Moreover, we may assume that for t = 1, . . . , s, /* = (i* , . . . , i^) satisfies < i,-— < 1, and 
that each p^ is a linear combination of elements of the form (,°a+6-i where a > v > r+1 
and b > jn + 1. Let = (0, . . . , r — 1, 4, • • • , 4), and let DKt,j be the corresponding 
element of It follows from (4.23), (4.24), (4.25), and (4.29) that 

s 

t=i 

Case 3: / = (0, . . . , n), J 7^ (0, . . . , n), and jo ^ 0. The argument is the same as the 
proof of Case 1, with the roles of / and J reversed. 

Case 4- / = (0, . . . , n), J 7^ (0, . . . , n), and jo — 0. This is the same as Case 2, with 
the roles of / and J reversed. 

This completes the proof that property Pn,k holds for all n > 1 and k > {n + 1)^. □ 

Remark 4.5. Specializing Theorem 4-4 to the case n = 1 proves the conjecture of Wang 
[21] that all normally ordered polynomial relations in Wi+00,-1 among the generators 
j^ij^iP ^'"fi consequences of a single relation. 

There is a convenient way to think about the vertex operators -D/.j G A^-n which is 
suggested by the proof of Lemma 3.3. Given a homogeneous polynomial 

pegr{M-n)^C[Qa,b\ a, 6 > 0] 

of degree k in the variables Qa,bi a normal ordering of p will be a choice of normally ordered 
polynomial P e {M.-n){2k)i obtained by replacing Qa,h by ^a,bi and replacing ordinary 
products with iterated Wick products of the form (2.2). Of course P is not unique, but for 
any choice of P we have 02fc(-P) = P, where : {M-n){2k) (^-n)(2fe)/(^-n)(2fc-i) C 
gr{M.-n) is the usual projection. For the rest of this paper, D^'^, E'^'^, F^'^, etc., will always 
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denote elements of (A4-n)(2fe) which are homogeneous, normally ordered polynomials of 
degree k in the vertex operators fia,6- 

Let e (M-n) (2n+2) be some normal ordering of di^j. Then 

7r_„(L>f +2) e (>Vi+oo,-n)(2n), 

where 7r_„ : A^_^ — )■ >Vi+oo,-n is the projection. The leading term of degree 2n can be 
expressed uniquely as a polynomial in the variables Qa,b- Choose some normal ordering of 
the corresponding polynomial in the variables ^^a,b, and call this vertex operator —Dj"j. 
Then L>2n+2 ^ ^2n i^g^g ^Yie property that 7r_^(D2-+2 ^ ^2n ^ ^ (Wi+oo,-n)(2n-2)- Con- 
tinuing this process, we arrive at a vertex operator D^^J~^ + Dj^j + • • • + Dj j in the kernel 
of TT-n- We must have 

n+l 

Di,j = J2Dj':j, (4.30) 

fe=i 

since D/^j is uniquely characterized by (4.21). 

In this decomposition, the term Dj j lies in the space spanned by {fia,6| o,+b = m}, 
for m=\I\ + \J\ + n. RecaU that Am = dAm-i ® {J"^), and let prm : Am (J"^) be the 
projection onto the second term. Define the remainder 

Ri,j^prm{Dlj). (4.31) 

We will see that -R/,j is independent of the choice of decomposition (4.30). 

Lemma 4.6. For all j,k,l,m > 0, Qj^k °o ^l,m is a total derivative. In particular, 
^j,k °o ^l,m lies in the subspace d{As-i) C Ag, where s = j + k + I + m. Moreover, 
%,fc °i dQk,i O'lT'd ^j,k °2 d'^^k,i o-lso lie in d{Ag_\). 

Proof: A calculation shows that for all /c, / > 0, 

k-i 

jk oo f = Y,{-iy+^dnk+i-i-i,i- (4.32) 

i=0 

We can write Q,j^k = ciJ^^^ + C2dv., and Q^i^m = diJ^^'^ + ^2^/^) fo^' constants ci, C2, cii, 
and vertex operators v e ^j+fe-i. A* ^ -^l+m-i- The first statement follows from (4.32) and 
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the fact that dvoQfli ,^ = and J^^^OQ[dji) = d{J^^^OQjji) c dAg_i. The second statement 
then follows from the calculation 

and the third statement follows from 



Lemma 4.7. Let e (•^-n)(2m) a vertex operator of degree 2m, and choose a 
decomposition 

m 

E = ^E'^^, (4.33) 
fc=i 

where E^^ is a homogeneous, normally ordered polynomial of degree k in the variables fla,b- 
If E = Yl!k=i^'^^ ^'^2/ rearrangement of (4-33), i.e., another decomposition of the same 
form, then E'^ — is a second derivative. 

Proof: Let fi = : ai ■ ■ ■ : be a normally ordered monomial in (A^-n)(2m)i where each is 
one of the generators fla.b- Let fl =: tti-^ ■ ■ ■ ai^^_^ :, where (zi, . . . , i^) is some permutation of 
(1, . . . , m). It suffices to show that any decomposition ^ — fx = YlT=i -^"^^ of ^^^^ difference 
H — p, & {M.-n){2m-2)j has the property that E'^ is a second derivative. 

To prove this statement, we proceed by induction on m. For m = 1, there is nothing 
to prove since fj, — p, = 0. For m — 2, and n — : ^a,b^c,d -j we have 

fx-fl=: na,b^c,d : - : ^c,d^a,b : = J] 7^^^^'^'(^a,6 o, ne,d), (4.34) 

by (2.4), Since 0,a,b °o ^c,d is already a total derivative by Lemma 4.6, it follows that /J, — ft, 
is a second derivative, as claimed. 

Next, we assume the result for r < m — 1. Since the permutation group on m letters 
is generated by the transpositions {i,i + 1) for i = 1, . . . , m — 1, we may assume without 
loss of generality that 

jl = : ai • • • ai-iai+iaiai+2 ■ ■ ■ cim '■ • 
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If z > 1, we have /j, - jl = : ai • • • a^_i/ :, where f = : ai---am ■ - ■ ai+iaiai+2 ■ ■ ■ Om, 
which hes in {M.-n){2m-2i+2)- Since each term of / has degree at least 2, and : ai • • • aj_i : 
has degree at 2i — 2, it follows that fJ, — p, can be expressed in the form YlT=i^ Since 
i> 1, there is no term of degree 2. Given any rearrangement iJ, — p, = Ylh=i ^^^j follows 
from our inductive hypothesis that the term is a second derivative. 

Suppose next that z = 1, so that p, = : 020103 • • • am '■■ Define 

u = : {: 0102 :)a3 • • • : , i> = : (: 0201 :)a3 • • • : , 

and note that — i> = : {: 0102 : — : 0201 :)/ :, where / = : 03 • • • :. By (4.34), 
: 0102 : — : 0201 : is homogeneous of degree 2, so iy—i> is a linear combination of monomials 
of degree 2m — 2. By inductive assumption, any rearrangement v — P = Yl^=i ^'^^ 
the property that is a second derivative. 

Next, by (2.3), we have 

^-^ = -J]-^(:(a'=+V)(a20fe/): + : (a'=+V)(ai o, /) : Y (4.35) 
fc>0 ^ >' \ / 

Since the operators o;, for A; > are homogeneous of degree —2, each term appearing in 
(4.35) has degree at most 2m — 2. Moreover, 

deg{ : {^''+^a^){a20kf) : ) = 2+de^(a20fe/), deg{ : (a^+'a2)(aiOfe/) : ) = 2+degiaiOkf), 

so the only way to obtain terms of degree 2 is for 02 / or ai / to be a scalar. This can 
only happen if /c > 0, in which case we obtain either d'^'^^ai or d^~^^a2^ which are second 
derivatives. Finally, by inductive assumption, any rearrangement of ix — v can contain only 
second derivatives in degree 2. 

Similarly, fl — u has degree at most 2m — 2, and any rearrangement of /i — i> can only 
contain second derivatives in degree 2. Since ji — p = {/j, — u) + {u — 9) + {9 — p,) , the claim 
follows. □ 



Corollary 4.8. Fix n > 1. Given Di j e Un, suppose that Di^j = YTktl Dfj and 
Di^j — ^^=1 -^/'j ^'"^ t'^o different decompositions of Dj^j of the form (4-30). Then 

Dlj-Dljed\As-2), 
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where s = \I\ + \ J\ + n. In particular, Ri j is independent of the choice of decomposition 
ofDi,j. 



Lemma 4.9. Fix n > 1, and let Rq denote the remainder of the element Dq given by 
(4.-26). The condition Rq ^ is equivalent to the existence of a decoupling relation of the 
form f = P{f, . . in Wi+oo -n, for I = + 2n. 

Proof: Let Dq = X^fc^i -^o^ be a decomposition of Dq for the form (4.30). If Rq ^ 0, 
we have Dq = AJ' + du for some A 7^ and some u G Ai-i. Applying the projection 
TT-n : M-n ^ Wi+oo,-n, since 7r_n(-Do) = we obtain 

. n+l 
/ = -j{d7T-n{u^) + J2^-n{Dl')), (4.36) 

k=2 

which is a decouphng relation of the desired form. The converse follows from the fact that 
Dq is the unique element of of weight (n + 1)^. □ 

In the cases n = 1 and n = 2, we can give explicit formulas for Dq and Rq. These 
calculations were performed using Kris Thielemann's OPE package [18]. For n = 1, let 

Dq = : r^o, 0^1,1 '■ — '■ ^^0, 1^1,0 - J ^1 = -dQi^i + g-^^- 
We have 7T-i{Dq{z) + Dq{z)) = 0, so we have 

Do = D^ + Dl Ro^y^. 

Similarly, for n = 2, let 

Dq — : 0^1, 1^2, 2 '■ — '■ ^0,0^1,2^2,1 '■ — '■ ^0,1^1,0^2,2 '■ 

+ '■ ^^0,1^^1, 2^^2,0 : — : ^^0,2^^1, 1^^2,0 : + : ^^0,2^^1,0^^2,1 : , 
D^ = -1/12 : 1^0,0^^2,5 : +1/4 : 1^0,1^^2,4 : -1/6 : l^o,2l^2,3 : -1/3 : l^o,il^4,2 : 
+1/3 : 1^0,2^^4,1 : -1/4 : ^0,0^5,2 : +1/4 : l^o,2l^5,o : -l/517o,ol^6,i : +1/5 : l^o,il^6,o : 

+2/3 : ^1,1^2,3 : -2/3^1,31^2,1 : -1/61^1,0^2,4 : +1/6 : ^1,4^2,0 : +1/3 : ^1,1^3,2 : 
-1/3 : lli,2l^3,i : +1/4 : lli,ol^4,2 : -1/4 : 1^1,21^4,0 : +1/5 : l^i,ol^5,i : -1/5 : rii,ill5,o : 
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-1/3 : 1^2,0^^3,2 : +1/3 : 1^2,2^^3,0 : -1/4 : 1^2,ol^4,i : +1/4 : 1^2,il^4,o : , 

and 

° 30 180 ^' 10 '•^ 10 ^' 180 120 

We have Dq = £>o + + so that i?o = - ilo"^^- Forn > 2, it is difficult to find 
exphcit formulas for Dq and i?o, but we will show that i?o 7^ 0. 

Lemma 4.10. Fixn > 1, and suppose that Dj j G Un has the property that the remainder 
Rj^j = 0. Then for any decomposition Dj j = Xlfc^i -^/'j '^f form (4-30), the term 
Dj J is a second derivative. In particular, Dj^j G d'^{As-2) where s = \I\ + \ J\ + n. 

Proof: Let / = (zq, . . . , in) and J = (jo, ■ • • ,in)- By (4.24) and (4.25), Djj is an eigen- 
vector of J^02 with eigenvalue A = - Ylr^o '^r{ir - 1) + Sr=oOr + 1)(> + 2), so 

n+l n+1 

j'-2{Y.Dfj) = KY.Dtj)- (4.37) 

fe=l fe=l 

On the other hand, we can compute 02 (X^^IJ -D/'j) using (2.5). For A; > 2, it follows 
from (2.5) that 03 can be expressed in the form E'^^ + E'^''-'^ + E^'^-^. For /o 3, 
any rearrangement of 02 -Dfj will only contain second derivatives in degree 2, so we 
only need to consider the contribution from 02 D'j^j for = 1, A; = 2, and A; = 3. 

For A; = 3, -Df J is a sum of terms of the form : ^a,b^c,d^e,f and by (2.5), the 
contribution of 02 Df j in degree 2 will consist of terms of the form 

which is a total derivative by Lemma 4.6. 

For k = 2, Dj J consists of a sum of terms of the form : ^a,b^c,d '■■ By (2.5), the 
contribution of 02 Dj j in degree 2 is a sum of terms of the form ( og fia,b) °i ^c,d and 
( oi Qa,b) °o ^c,d, which are all total derivatives, by Lemma 4.6. 

For A; = 1, Dj j = J2Ui Cid'J'-\ since = 0. Suppose that ci 0. Using (4.23), 
we calculate 

02 dJ'-^ = -(2s + 2) - (s^ - 3s - 4)dJ'-\ 
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By Lemma 4.6, 02 (X]i=2 Ci^^J^ *) is a total derivative, so 02 Dj j = -{2s + 2)ci J* 
modulo But J2 02 i:>| J = XDj j modulo ^^(^^.a) by (4.37)' and Corollary 4.8, 

which violates the fact that Rj^j = 0. □ 

Lemma 4.11. Suppose that Dj j has the property that Rj^j — 0, and for some de- 
composition Dj^j = Yyk=i -^/fj' term Dj j does not depend on fio,o- Then for any 
decomposition o/fio,i °2 of the form E^^, the term is a total derivative. 

Proof: It suffices to find some decomposition of ^0,1 °2 Djj of the desired form; since 
the property of being a total derivative is stable under rearrangements, any other 
decomposition of f2o,i °2 Dj j will have this property as well. As in the proof of the 
preceding lemma, for A; > 3, f2o,i02-D|^j can be expressed in the form £;2fc_|_ ^2/0-2 _|_^2/s-4 
The same argument then shows that for A; > 3, ilo,i °2 Df^j can only contribute a second 
derivative in degree 2. 

For A; = 2, Dj j consists of a sum of terms of the form : fio,6^^c,d - By (2.5), we have 

^^0,1 02 (: ^a,h^c,d = 
: (^^0,1 02 ^a,b)^c,d '■ + ■ ^^0,5(^^0,1 °2 ^c,d) '■ +(<^^ Ol ^a,b) °0 ^c,d + (J^ °0 ^a,b) °1 ^c,d- 

Since fio,i°2 lowers weight by 1, the only element of the form Qa,b for which fio,i°2^^a,6 is a 
constant is fio,o- Since -Df j does not depend on flofi, none of the terms : (i^o,i°2^a,6)^c,d • 
or : l^a, 6(^0,1 °2 ^c,d) • appearing in f2o,i 02 ^jj will have degree 2. Moreover, each term 
of the form {J^ fla,b) °o ^c,d + {J^ °o ^a,b) °i ^c,d appearing in 02 D| j is a total 
derivative, by Lemma 4.6. It follows that the component of f2o,i 02 Djj in degree 2 is a 
total derivative. 

Finally, for /c = 1, it follows from Lemma 4.10 that Dj j is a second derivative, since 
Ri^j — 0. By Lemma 4.6, Oo,i °2 Dj j is then a total derivative. We conclude that 
^0,1 °2 Dj j can be expressed in the form Y^^tX -^"^^ where E'^ is a total derivative, as 
claimed. □ 

Lemma 4.12. Fix n>l, and assume that Dq has the property that the remainder Rq 7^ 0. 
Let I = (1, . . . ,n + 1) = J, and let Di^j he the corresponding element of Un- Then the 
remainder Rj^j ^ as well. 

Proof: Choose a decomposition Dj^j = ^1 j of the form (4.30). We will assume 

that Rij = 0, and obtain a contradiction by showing that this implies that Rq = 0. Since 
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j^gg depend on the variables {fia,o| a > 0}, we may assume without loss of 
generality that for A; = 1, . . . , n, -Dfj also does not depend on {fia,o| o, > 0}. In particular, 
Dj J does not depend on f2o,o so the hypothesis of Lemma 4.11 is satisfied. 

By Lemma 4.10, we may assume that Djj is a second derivative. We act on Dj j by 
the operator fio,i°25 which is homogenous of weight —1. By (4.24) and (4.25), f2o,i 02 ^j,k 
cannot contain a term of the form Qa,o for A; > 0. Similarly, if P is any normally ordered 
polynomial in the variables Qj^k for k > 0, fio,i°2-P can be expressed as a normally ordered 
polynomial in {^j,k\ k > 0} as well. Using (4.24) and (4.25), we calculate 

^^0,1 02 Di^j = 2Dk\j, = {0,2,3,..., n + 1). 

Since Dj J is independent of J°, it follows from Lemma 4.11 that Dk^^j also satisfies 
Rk^,j = 0. Lemma 4.10 then shows that D'^i j is a second derivative. Finally, since 
Dj j is a normally ordered polynomial in Qj^j. for A; > 0, we can assume that j has a 
decomposition 

n+1 

Dk\J = X]^Ki,J 
fc=l 

such that each term Dj^i j does not depend on {ria.ol o > 0}. Repeating this argument n 
times, we find that 

where K = (0, 1, . . . ,n) and A = nr^L^(^)(^ + Moreover, Dk,j has a decomposition 

n+1 
k=l 

such that Dj^ J is a second derivative (so in particular Rk,j = 0), and Dj^j does not 
depend on {ria,o| O' ^ 0}. In particular, Dj^ j is independent of rio,o- 

Next, we act on Dk,j by fio,o°i- We get ^0,0 °i Dk,j = Dk,l^j where = 
0,2,...,n + l. Moreover, since Dj^ j is independent of fio.O; we can conclude that Dj^ ^1 
is a second derivative. However, we can no longer conclude that Df. ^1 does not depend 
on flo,o- So instead of using the operator fio.ooi to lower the weight at this stage, we use 
the operator 

/ = 1^1,0 02 +^^0,0 oi • 
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Clearly / lowers the weight by 1, and by the same argument as the proof of Lemma 
4.6, /{d'^Ag) C dAg. Moreover, /(f2o,o) = 0, so given any normally ordered monomial 
-D^ e (A4_n)(4), the component of f{D^) in degree 2 will be a total derivative, as in the 
proof of Lemma 4.11. 

Note that /(-Dat.lO = -4-Dk,l2 where = (0, 1, 3, . . . , n + 1). Since -D|^ is a 
second derivative, f{D\ ^i) is a total derivative, and since any rearrangement of f{Dj^j^i) 
can only contribute a second derivative in degree 2 for k > 1, we conclude that Rk,l^ is 
zero. Applying Lemma 4.10 again, Dj^ ^2 is then a second derivative. For z = 2, . . . , n let 
L* = (0, 1, . . . , z — 1, z + 1, . . . , n + 1). It is easy to check using (4.24) and (4.25) that 

Moreover, at each stage, is a second derivative, and in particular, Rk,l^ = 0. At 

the nth stage, we see that f{DK,L^) — —{n + l)^Do, so we have Rq — 0, which is a 
contradiction. □ 

Recall that S{V) is a graded algebra with Z>o grading (4.10), which specifies a linear 
isomorphism S{V) = Sym^i^~^Q{Vk © V"^*). By (4.12), Wi+oo,-n is a graded subalgebra 
of S{V), so we obtain an isomorphism of graded vector spaces 

i_n : m+oo,-n ^ {Sym^iVk © VOf"-. (4.38) 

fc>0 



Let p e (5'ym 0^>Q(Vfc © V,^)) " be a homogeneous polynomial of degree 2d, and 
let / = {i-n)~^{p) G {yVi+oo,-n)^'^^^ be the corresponding homogeneous vertex operator. 
Let F G (A^-n)(2d) be a vertex operator satisfying 7r_n(F) = /, where W-n '■ M.-n 
Wi+oc,-n is the usual projection. We can write F = Yl'k=i ^"^^ ■> where F"^^ is a normally 
ordered polynomial of degree k in the vertex operators ^a,b- 

Next, let V be the vector space C"^"*"^, and let 

ga,6e(5ym0(\4®V^*))''^"+^ 

/c>0 

be the generator given by (4.16). Here Vfc and are isomorphic to V and , respectively, 
for A; > 0. Let p be polynomial of degree 2d obtained from p by replacing each q^^b with 
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Qa^bi and let / = e (Wi+oo,-n-i)'-^'^^ be the corresponding homogeneous 

vertex operator. Finally, let F^'^ e M.-n-i be the vertex operator obtained from F^^ 
by replacing each Qa,b with the corresponding vertex operators Qa,b £ •M.-n-i, and let 



Lemma 4.13. M^e can choose F such that 7r_n-i(-F) = /• 

Proof: We may assume without loss of generality that p is a monomial in the variables C[a,b- 
If d = 1, / = qa,b for some a, 6 > 0, and / = Ua,b- We can take F = 0,a,bi so the claim is 
obvious. We assume inductively that for monomials p = 9oi,6i) • • • > 9or,6r fo^ r < d, there 
is a vertex operator F = X]fe=i -^^'^ ^^^b that 7r_„(F) = / where / = such 
that 7r_n-i(F) = /, and F^^ = : Jl^i.bi • • • ^^a,,6. :• 

Now let p = Qaj^^bi, • • • , Qad,bd- By inductive assumption, there exists a vertex operator 
G = Etl G^'' &M-n such that 

Q2d-2 ^ . . . . f]^^ : , TT-nlG) = g, 7r_n-l(G) = ^, 

where g = (i_„)~^(ga2,62 • • • Qad,bd.)- Define a vertex operator H e M-n by 

d 

^2fe-2 



k=2 

Since 7r_n is a vertex algebra homomorphism, we have 

^-n{H) = 7r_n( : ^ai,biG '■) = '■ ^ai,bi9 

and using (2.3), we see that 

:u;a,,b,g:=f + r, (4.39) 

where /' is homogeneous of degree 2d — 2. In fact, a computation using (2.3) shows that 
under the isomorphism (4.38), /' corresponds to the polynomial 

A/J-l)^ (-1)°^ \ 

'-^ V Or + oi + i a\ -\- Or -\- i- I 

In this notation, the symbol ^^^A- nieans that the factor qa^^b^ bas been omitted, so the 
above polynomial is homogeneous of degree 2d — 2. Since this formula is independent of 
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n, it follows that 7r_^_i(^) = f + f- By inductive assumption, there is a vertex operator 
A = Efe=5^^'' e ^-n such that 7r-n{A) = f and 7r_n-i(i) = Finally, we define 
F = J2t=i F'^'' by F^*^ = H^"^, and F^^^ = iJ^fc _ ^2fe {qt 1 < k < d. It is immediate that 
F has the desired properties. □ 

Corollary 4.14. Fix n > 1, and let Dj j e There exists a decomposition Dj^j = 
Ylk=i -^fj ^/ form (4-30) such that the corresponding vertex operator 

n+1 

Dj,j = J2 Dfj e M-n-i 

k=l 

has the property that 7r_n-i(-D/,j) lies in the homogeneous subspace (Wi+oo,-n-i)^^"'''^^ 
of degree 2n + 2. 

Proof: For each monomial of degree 2n + 2 appearing in the polynomial dj^j, let 
= {i-n)~^{fi) G (>Vi-)-oo,-n)*-^"'^^''- By the preceding lemma, we may choose 
Ff, = YJkt\Fl^ e M-n such that 7r_n(-Fp) = and 7r_„_i(F^) = For each 
/c = l,...,n + l, define -Dfj = -F^'^ where the sum is over all monomials n appearing 
in (ij^j, and take -D/,j = Y^^tX -^fj- Clearly this is a decomposition of Dij of the form 
(4.30), and we have 

7r_n_i(£»7,j) = ^7r_„_i(F^) ^^f^, 

which is homogeneous of degree 2n + 2. □. 

Now we have assembled all the technical tools necessary to prove our main result. 

Theorem 4.15. For all n > 1, we have Rq ^ 0. Hence there is a decoupling relation of 
the form = P{j^, . . for I = + 2n. 

Proof: This is well known for n = 1 and we have already shown it for n = 2, so we will 
assume inductively that it holds for n — 1. The idea of the proof is to use our inductive 
assumption together with Lemma 4.12 to construct a decomposition 

n+1 
k=l 
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with the property that Dq contains the term : J^J^~^ : with nonzero coefficient, for 
I = + 2n. By (4.34), : J^J^~^ : — : J^~^J^ : is a second derivative, so we may assume 
that : J^~^J^ : does not appear in Dq. Suppose that such a decomposition exists, and 
that Rq = 0. First, (2.5) shows that for /c > 1, J° oi D^'' can be expressed in the form 
^2k _|_ ^2k-2^ f^j, k > 2, any rearrangement of J° Dq'' can only contribute a second 
derivative in degree 2. Moreover, since Rq = 0, Dq is a total derivative, so by Lemma 4.6, 
J° oi Dq is also a total derivative. Since Dq contains the term : J^j''~^ : with nonzero 
coefficient, oi Dq will contain the term j'~^ with nonzero coefficient, and this term 
cannot be canceled by any term coming from J° oi Dq'' for k ^ 2. This contradicts the 
fact that Dq is a singular vector. 



Let do e gr{M.-n) — C[Qa,b\ a,b > 0] denote the image of Dq under the projection 
02n+2 : {M-n)(2n+2) (M-n) (2n+2) / (M-n) (2n+i) C gr{M-n)- By Theorem 4.2, 



Qo,o 

Qn,0 



Qo, 

Qn, 



so do can be written in the form 



do — Qo,odi,j + d', 



(4.40) 



where / = (l,...,n) = J, dj^j is the corresponding polynomial of degree 2n, and d' 
is a polynomial of degree 2n + 2 which does not depend on Qo.o- Consider the ver- 
tex operator Dj j e A4_„+i corresponding to di^j, regarded now as an element of 
gr{Ai-n+i)- By Corollary 4.14, we may choose a decomposition -D/,j = Zlfc=i -^/fj such 
that the corresponding vertex operator Djj — Yl^=i -^fj ^ -^-n has the property that 
TT-niDj^j) e (Wi+oo.-n)^^"^- Moreover, since dj^j does not depend on Qo,o, we may as- 
sume that each term -Df^j appearing in Dj^j is independent of J° = fio,o- We will use this 
decomposition of Di j to create a decomposition of Dq with the desired property. 



By our inductive assumption together with Lemma 4.12, D| j contains the term 
j'~^ with nonzero coefficient, and since Dj j is obtained from D| j by replacing each 
flj^k e •M.-n+i with the corresponding element of M.-n, it follows that -D| j contains 
jl-i (regarded now as an element of A^_n), with nonzero coefficient as well. Consider the 
vertex operator 

n 

: j'Dj,j J'^tj ■■ e M-n. 

k=l 
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Since Dj j has a nonzero term of the form j' ^, : J^Dj j : has a nonzero term of the form 
: J'^J^~^ : in degree 4. Applying the projection 7r_n : M.-n — > yVi+oo,-m we have 

7r_„(: J°D,,j :) = ://:, 

where / = TT-n{Di^j). Since / is homogeneous of degree 2n, it follows from (2.3) that 
'■ j^f '■ = 9 + 9' where g e (Wi+oc-n)*-^""^^^ and g' G (Wi+oo.-n)^^""^- It is easy to see from 
(2.3) that under the isomorphism given by (4.38), i-n{g') ^ (•S'ym 0^>Q(Vfc © V^*))*^^" 
does not depend on q^ Q. Hence we can choose a vertex operator E = Xlfc=i ^'^^ ^ ■M.-n 
such that Ti-n{E) = —g', and such that each E'^'^ is independent of J°. It follows that 
7r_n(: J°^/,j : +E) G (>Vi+oo,-n) 

Next, let _p2n+2 normal ordering of the polynomial d' given by (4.40). Since d' is 
independent of Qo,07 we may assume that i?'2n+2 jQgg j^q^ depend on Then 7r_„(F^'^+^) 
will contain terms of lower degree in yVi+oo,-n, and we can find elements F^'^ e A4-n for 
k = 1, . . . , n, such that 

n+1 

7r_n(F) e (>Vi+oo,-n)^'"+'\ F= ^F^^ 

fe=i 

Moreover, we may assume that each term F^^ is independent of J°. Finally, we define the 
decomposition 

n+1 

Do = J2dI\ (4.41) 

k=i 

where = E'^ + F'^, and L'g'^ = : J^Ofj'^ : + F^^^ for 1 < < n + 1. Since 

7r_n(: J^Di^j : +-E) and 7r_n(-F) are both homogeneous of degree 2n + 2, and 

02n+2(: J°^/,J : +F + F) = do e ^r(A^_n), 

it follows that (4.41) is indeed a decomposition of Dq, as claimed. Since D'j j contains the 
term with nonzero coefficient, and both F^ and are independent of J°, it follows 
that Dq contains the term : J'^J^~^ : with nonzero coefficient, as desired. □ 

Theorem 4.16. For n>l, Wi+ 00,— n strongly generated as a vertex algebra by 

{/I 0<l < + 2n}. 
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Proof: The decoupling relation = P{j'^, ■ ■ ■ , j'"^) for I = ri^ + 2n given by Theorem 
4.15 is equivalent to the existence of an element — P{J^, . . . , J^~^) G I-n- It suffices to 
show that for all r > I, there exists an element — Qr{J^, ■ ■ ■ , J^~^) G so we assume 
inductively that such an element exists for r — 1. 



Choose a decomposition 

d 

Qr-l = Qr-l5 

where Qr-i ^ homogeneous normally ordered polynomial of degree k in the vertex 
operators J°, . . . , J'~^ and their derivatives. In particular, 

i-i 

for constants cq, . . . , ci-i. We apply the operator Oo,20i G V, which raises the weight by 
one. By (4.23), we have Oo,2 oi J""'^ = -{r + 1) J^ Moreover, Oo,2 oi (Efc=i Qr-i) can 
be expressed in the form Ylt=i ^'^^ where each E'^^ is a normally ordered polynomial in 
J^,..., and their derivatives. If or its derivatives appear in we can use the 

decoupling relation — P{J^ ^ . . . , J'~^) in X_„ to eliminate the variable and any of its 
derivatives. Hence Oo,2 oi (Sfc=iQr-i) can be expressed in the form Yl'k=i^'^^ ^ where 
d' > d, and F^'^ is a normally ordered polynomial in J°, . . . , J'~^ and its derivatives. It 
follows that 

-^^0.2 oi {r-' - g.-l(J^ . . . , f-')) 

can be expressed as an element of of the desired form. □ 



We remark that a similar strategy can be used to reprove the result from [5] that for 
n > 1, has a unique singular vector D of weight n + 1, and Wi+oo,n has a decoupling 
relation j'^ = P{jo, . . . Recall that Wi+oo,n can be realized as the invariant space 

SCV)^^", where £{V) is the be system associated to the vector space V = C"^ [5]. The 
associated graded algebra gr{S{V)) is /\ ©fc>o(^A;©^fc): and we have a linear isomorphism 

k>0 
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There is a singular vector D in Mn of weight n + 1, which corresponds to the relation 

GL 

{Po,oT^^ e ( A0fc>o(^fc ® 14*)) Here po,o = ElLi ^hO A x[ q, which is analogous to 

GL 

the corresponding element qo^o e (-S'ym 0^>q(T4 ® V^*)) We have a decomposition 
D = Efci^^^^ where is a linear combination of the vertex operators ^V" An 
argument similar to the proof of Theorem 4.15 shows that for all n > 1, the coefficient of 
in Z)^ is nonzero, which yields a decoupling relation = . . . , j"""^) in Wi+oo,n- 

Finally, an argument analogous to the proof of Theorem 4.4 shows that D is the unique 
singular vector in In- 

A remaining question is whether the isomorphism Wi+oo,-! = "H §>> W3,_2 given by 
Wang in [19] has an analogue for n > 1. In other words, can Wi-|-oo,-n be related to 
W(g) for some Lie algebra g? We cannot answer this question at present, but there are 
a few things we can say. First, >Vi_|_oo,-n decomposes in the form ^ A, where "H is the 
Heisenberg algebra generated by j'^, and A is the commutant Com('H, Wi+oo,-n)- To see 
this, note that Wi+oo.-n decomposes as a sum of irreducible modules with generators 
v{z) satisfying j^{z) v{z) = for n > 0. Thus A is precisely the set of singular 
vectors v{z) for the action of H. To show that VVi+oo,-n = T-t® A, we need to show that 
B = Com{A,Wi+oo,-n) = 'H. If B is strictly larger than "H, B must contain a singular 
vector v{z) which commutes with % as well as A^ and hence lies in the center of >Vi+oo,-n- 
But Wi+oo,-n is a conformal vertex algebra whose weight zero component is C, so S = %. 

Define vertex operators 

W = : fff : : fdf : -3n : : +^9^/ - + (4.43) 

Since >Vi+oo,-n is generated by , j^, and p , and we can use (4.42) and (4.43) to express 
and p in terms of the vertex operators j'^, L and VF, it follows that {j'^, L, W} is another 
generating set for Wi+oo,-n- A straightforward OPE calculation shows that both L and 
W commute with j^, so that A is generated by L and as a vertex algebra. Moreover, 
L generates a Virasoro algebra with central charge —n — 1 and W is primary of conformal 
weight 3. Thus we have proved 



Theorem 4.17. A is a conformal vertex algebra with central charge —n — 1. 

In the case n = 1, an OPE calculation shows that L and W generate a copy of the 
Zamolodchikov W3 algebra with central charge —2, so we recover Wang's result. 
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4-1- The representation theory o/Wi+oo,-n 

In [20], Wang showed that the irreducible, highest- weight modules over Wi+oo,-! 
correspond to the points on a certain complex algebraic variety of dimension 2. The key 
step was to compute the Zhu algebra of Wi+oo,-!- Given a vertex algebra V with weight 
grading V = 0^£z V„, the Zhu functor attsiches to V an associative algebra A(V), together 
with a surjective linear map nzh '■ V A{V) [22]. For a G Vm and 6 G V, define 



and extend * by linearity to a bilinear operation V(8)V — > V. Let 0(V) denote the subspace 
of V spanned by elements of the form 



where a G Vm, and let ^(V) be the quotient V/0(V), with projection wzh '■ V — > ^(V). 
Then 0(V) is a two-sided ideal in V under the product *, and (^(V),*) is a unital, asso- 
ciative algebra. The assignment V i-> ^(V) is functorial, and if X is a vertex algebra ideal 
of V, we have A(V/I) ^ A(V)/I, where / = TTzh{I)- 

The main application of the Zhu functor is to study the representation theory of 
V. A Z>o-graded module M = 0^>o over V is called admissible if for every a G Vm, 
a{n)Mk C Mm+k-n-i, for all n G Z. Given a G Vm, the Fourier mode a(m— 1) acts on each 
Mfc. The subspace Mq is then a module over ^(V) with action [a] i-> a(m — 1) G End{Mo). 
In fact, M i-> Mq provides a one-to-one correspondence between irreducible, admissible 
V-modules and irreducible ^(V)-modules. 

Let V be a vertex algebra which is strongly generated by a set of weight-homogeneous 
elements ai of weights Wi, for i in some index set /. Then ^(V) is generated by {a^ = 
'^zh{<^i{z))\ i G I}- Moreover, ^(V) inherits a filtration (but not a grading) by weight, and 
the associated graded object gr{A{V)) is a commutative algebra with generators {ai\ i G /}. 
Given an element / G ^(V) of weight at most tu, let / G gr{A{y)) denote the symbol of 
/, i. e., the image of / in gr{A{y))[w\. 

Let C2(V) denote the the vector space spanned by elements : {da)/3 : \ a,/3 E V}. It 
is well-known that V/C2(V) is a commutative algebra. Moreover, the map V/C2(V) — > 




(4.44) 




(4.45) 
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gr{A{V)) sending the coset of a e V to the symbol of 7rzh{<^)j is a surjective algebra 
homomor phism . 

Now we consider the case of M.c and >Vi+oo,c- For any c e C, A{M.c) is the poly- 
nomial algebra C[a°, a-*^, a^, • • •], where a' = 7rzh{J''{z)) [5]. Moreover, ^(Wi+oo,c) — 
C[a°, a^, a^, . . . , ]/Ic, where Ic = TTzhi^c), and we have a commutative diagram 

Mc ^ Wl + oo,C 

TTz/i i T^Zh i . (4.46) 

Since A(Wi+oo,c) is a commutative algebra, its irreducible modules are all one-dimensional. 

If c is an integer n > 1, it is known that A{'Wi+oo,n) — C[a°, . . . , a"~^] [5]. The 
irreducible ^(>Vi+oo,n)-niodules (and hence the irreducible, admissible >Vi+oo,n-inodules) 
then correspond to the points in C". The situation is much more interesting in the case of 
negative integral central charge. For n = 1, it was shown in [19] [20] that ^(Wi+oo,-i) — 
C[h, t, w]/I, where / is the ideal generated by f{t, w) = ■uP' — |t^(8t+ 1). It follows that the 
irreducible, admissible >Vi+oo,-i -modules are parametrized by the points on the variety 
V{I) C C^, which is just the product of an affine line with a rational curve. For n > 1, it 
is immediate from Theorem 4.16 that A(Wi+oo,-n) is generated by {a'| < Z < + 2n}. 
Hence 

A(>Vi+oo,-n) = C[a°, . . . , a'^'+^-ij/Z-n, 

where /_„ is now regarded as an ideal inside C[a°, . . . , a"^"""^""^]. Let V{I-n) C C"^^+^"^ 
be the corresponding variety, which then parametrizes the irreducible, admissible modules 
over Wi+oo-n- 



Theorem 4.18. For all n>l, V(/_^) is a proper, closed subvariety of +2n_ 

Proof: We need to construct a nontrivial relation among the generators a°, . . . ,a"^"''^"~-^ 
of ^(>Vi+oo,-n)- Recall the vector space Un = (A^-n)(2n+2) nX_n given by (4.22), whose 
component Un[k] of weight k has a basis {-D/,j| |/| + | J| + n + 1 = A;}. A basis for 
Un[{n + l)'^ + 2] consists of the following five elements: 

-D(o,...,n),(0,...,n-l,n+2)5 -D(o,...,n),(0,...,n-2,n,n+l) ) -D(o,...,n-l,n+l),(0,...,n-l,n+l) ) 
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-D(0,...,n-2,n,n+l),(0,...,n)) -D(o,...,n-l,n+2),(0,...,n) • 

As in the proof of Lemma 4.12, let / be the operator Qi^o 02 +^0,0°!, which lowers the 
weight by one. We calculate 

/(-D(0,...,n),(0,...,n-l,n+2)) = -{n + 2)^-D(o,...,n),(0,...,n-l,n+l) , 

/(-D(o,...,n),(0,...,n-l,n+l)) = "('^ + l)^-D(o,...,n),(0,...,n) , 
/(-D(0,...,n),(0,...,n-2,n,n+l)) = " ''^^-D(o,...,n),(0,...,n-l,n+l)• 
Since the remainder Rq = -R(o,...,n),(o,...,n) is nonzero by Theorem 4.15, it follows that 

i?(o n).(o,...,n-i.n+2) ^nd J?(o n).{o,...,n-2.n,n+i) cire both nonzero as well. Hence there 

exists a unique nontrivial linear combination 

E = AiD(o,...,n),(0,...,n-l,n+2) + ^2-0(0,... ,n),(0,...,n— 2,n,n+l) ) 

Ai,A2eC\{0}, (4.47) 

such that for any decomposition E = J^feii ^^e term E^ does not depend on 

jn^+2n+2^ and hence is a total derivative. 

Recall from the proof of Theorem 4.15 that Dq = -D(o,...,n),(o,...,n) admits a decom- 
position Dq = ^o'^ for which Dq contains the term : J° +2^-1 . ^vith nonzero 
coefficient. By the same argument, there is a decomposition 

n+l 

-D(0,...,n),(0,...,n-l,n+l) = ^ D'^0,...,n),{0,...,n-l,n+l) 

k=l 

for which D^q ^^^^ contains : jO ; with nonzero coefficient. Similarly, 

there exist decompositions 



^(0,...,n),(0,...,n-l,n+2) - ^ D^'^ 



n+l 

"(0,...,n),(0,...,n-l,n+2)5 



k=l 
n+l 



D{o,...,n),{0,...,n-2,n,n+l) — X/ ■^(0,---,n),(0,...,n-2,n,n+l) ' 

such that Dfn s ^1 „_i_o\ and Z)l ^ o„ both contain : j0jn^+2n+i . 

(0,...,n),(0,...,n— l,n+2) (0,...,n),(0,...,n— 2,n,n+l) 

with nonzero coefficient. 

Let E = Ylk=i ^® ^ decomposition of E, where E^^ is a homogeneous, normally 
ordered polynomial of degree k in the variables Qa b- Under the linear change of variables 
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(4.15), we may regard E'^'^ as a polynomial in the variables 5*J', i,l > 0. Since E has 
weight (n + 1)^ + 2, and E'^ is a total derivative, E only depends on J°, . . . , J"■^+2'^+l and 
their derivatives. 

By weight considerations, for A; > 3, E'^'^ only depends on J°, . . . , J"'^+^"'~-'^ and 
their derivatives. We may also assume that E^ only depends on J°, . . . , J" +2n-i 
their derivatives, since our decomposition can be chosen so that : J° J°J"^+^"' : does not 
appear in E^. The possible terms in E^ which can contain either J^^+^j^ or 
. j0jn2+2n+i . ji jn^+2n g^^^^j . jQQjn''+2n . ^^^g^y disregard : J°aj^'+2^ : since 

it lies in C2{M.-n), and hence will not contribute to the symbol of nzh{E) in A{Ai-n), 
which has weight {n + 1)^ + 2. Finally, the terms jn^+2n g^^^^ ^jn^+2n+i ^j^^^j^ Q^n 
appear in i?^, may be disregarded as well, since they lie in C2{A4-n)- 

Using the relation -D(o,...,n).(o n-i.n+i)i we can eliminate J" +2"-+i and its derivatives 
from E, since -R(o....,n),(o,....n-i,n+i) is nonzero. Next, we can eliminate J" and its 
derivatives using Dq = -D(o,...,n),(o....,n)5 since Rq 7^ 0. Let E' be the element of X_„ 
obtained from i? in this way. Since E' only depends on J*^, . . . , J"' nzh{E') G 

A(A^_;^) will lie in C[a^, . . . , a"^ +2n-ij_ -yy^g ^^^^ ^j^^^^ 7Tzh{E') is nonzero, and hence 
gives rise to a non-trivial relation among the generators a^, . . . , a"^ +2n-i A{Wi+oo,-n)- 
It is enough to show that the symbol of 7Tzh{E') G gr{A{M.-n)) has weight (n + 1)^ + 2, 
and is nonzero. 

We introduce the degree-lexicographic monomial ordering on Cfa*^, a^, a^, . . .], where 
the variables are ordered by a' < a'"*"^, for I > 0. Given a polynomial P e C[a°, a^,a^, . . .], 
Symb{P) will denote the component of maximal weight, and LT{P) will denote the lead- 
ing term of Symb{P). Similarly, given a vertex operator F e M.-n, let LT{F) denote 
LT{'Kzh{F))i i-e., the leading term of the symbol of 7rzh{F). An easy calculation shows 
that nk,i = (-1)'J'=+' modulo total derivatives, so LT{Q.k,l) = (-l)'a'=+'. It follows that 
LT(Do) = ±nLo«^''- Similarly, we have 

n-l 

LT{D(^0,...,n),iO,...,n-l,n+2)) = ±a^'^+^ a^^, 

n-2 

LT{D^o,...,n),{o,...,n-2,n,n+i)) = ±a^""^a^'^+^ a^^. 
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Now we return to our element E given by (4.47). Suppose first that con- 
tains the term : J°J" +^^+1 : with nonzero coefficient. As above, using the relation 
-D(o,...,n),(o,...,n-i,n+i)) wc eliminate the variable J"' +^"^+1^ and using Dq, we eliminate 
jn^+2n^ to obtain E' e I-n- Since E^ contains : j0j^'+2n+i ; with nonzero coeffi- 
cient, and Dfr, s /n „ i contains : Jf^^ +'^'>^ : with nonzero coefficient, it fol- 

' (0,...,n),(0,...,n-l,n+l) ' 

lows that E' contains the homogeneous, normally ordered polynomial : J^J^Dq^'^^ : in 
the variables J°, . . . , J"•^+2'^-l and their derivatives. (Recall that Dq^^^ is the term 
of maximal degree appearing in the decomposition Dq = Ylk=i ^o^)- follows that 
LT{E') = ±(a°)2 and hence is nonzero. 

Next, suppose that E'^ does not contain : j0jn^+2n+i y^^^ ^y^sX it does con- 
tain the term : J-^ J"'^"'"^" : with nonzero coefficient. A similar argument shows that 
LT{E') = Ylk=o ^'^''i and hence is nonzero. Finally, suppose that E'^ contains nei- 
ther : jO J»^^+2n+l . j^Qj. . ji jn^+2n . ^^^j^ nonzero coefficient. Then the symbol of TTzhiE') 
has degree at most 2n + 2, and coincides with the symbol of 7rzh{E). Since the coefficient 
Ai appearing in (4.47) is nonzero, it follows that 

n-l 

LTiE') = AiLT(L»(o,...,n),(o,...,n-i,n+2)) = ±Aia2-+2 J] a^K 
In particular, LT{E') is nonzero, as desired. □ 

It is an interesting problem to calculate the dimension of the variety V{I-n) and 
determine whether it is irreducible or not. We hope to return to these questions in future 
work. 
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